Strong external difference families (SEDFs) were introduced by Paterson and Stinson as a more restrictive version of external difference families. SEDFs can be used to produce optimal strong algebraic manipulation detection codes. We characterize the parameters (v, m, k, λ) of a nontrivial SEDF that is near-complete (satisfying v = km+1). We construct the first known nontrivial example of a (v, m, k, λ) SEDF having m > 2. The parameters of this example are (243, 11, 22, 20) , giving a near-complete SEDF, and its group is Z 5 3 . We provide a comprehensive framework for the study of SEDFs using character theory and algebraic number theory, showing that the cases m = 2 and m > 2 are fundamentally different. We prove a range of nonexistence results, greatly narrowing the scope of possible parameters of SEDFs.
Introduction
Let G be an abelian group of order v with identity 1. We shall work in the setting of the group ring The use of "strong" arises because a (v, m, k, λ)-SEDF is necessarily a (v, m, k, mλ)-external difference family.
External difference families have applications in authentication codes and secret sharing [23] . An external difference family in a cyclic group gives rise to difference systems of sets [7] , which can be applied to construct synchronization codes [18] . Paterson and Stinson [25] introduced SEDFs and showed how to produce optimal strong algebraic manipulation detection codes from them. Algebraic manipulation detection codes have many applications, including robust secret sharing schemes, secure multiparty computation, and non-malleable codes [8, 9, 10] . A succession of recent papers has demonstrated that SEDFs are interesting combinatorial objects in their own right: see Proposition 1.1 below for a summary of constructive results, Proposition 1.3 for a characterization result, and Proposition 1.4 for a selection of nonexistence results.
The parameters of a (v, m, k, λ)-SEDF satisfy the counting relation 2 + 1 is a prime power and t is an integer, then q must be a prime because Catalan's conjecture is known to hold [22] .
When λ = 1, the parameters of a nontrivial (v, m, k, λ)-SEDF have been characterized. The following proposition describes parameter sets (v, m, k, λ) for which a nontrivial SEDF is known not to exist in all groups of order v. It is known [21, Lemma 1.2] that if v = km, then an (v, m, k, λ)-SEDF is necessarily trivial. The same proof idea as in [21] gives the following generalization. . . , D m partition the nonidentity elements of the group G and (following [11] ) we call the SEDF near-complete.
In this paper, we present constructive and nonexistence results for nontrivial SEDFs using character theory and algebraic number theory. In Section 2, we give a character-theoretic framework for the study of SEDFs and demonstrate that the cases m = 2 and m > 2 are fundamentally different. In Section 3, we characterize the parameters of a nontrivial near-complete SEDF by establishing an equivalence with a collection of partial difference sets. In particular, we construct a near-complete (243, 11, 22, 20) -SEDF in Z 5 3 by reference to the point-orbits of the Mathieu group M 11 acting on the projective geometry P G (4, 3) . This is the first known nontrivial example of an SEDF with m > 2. In Section 4, we use algebraic number theory to obtain an exponent bound on a group containing a SEDF and apply it to rule out various SEDFs with m = 2, leaving only 5 open cases for the parameters of a (v, m, k, λ) SEDF with v ≤ 50 and m = 2. In Section 5 we obtain nonexistence results for SEDFs with m > 2, introducing the "simple character value property" under which strong necessary conditions can be derived. This leaves only 70 open cases for the parameters of a (v, m, k, λ) SEDF with v ≤ 10 4 and m > 2.
A character-theoretic approach
Let G denote the character group of an abelian group G, and let χ 0 ∈ G be the principal character. Each character χ ∈ G is extended linearly to the group ring Z[G]. The following formula is a consequence of the orthogonality properties of characters.
Proposition 2.1 (Fourier inversion formula). Let G be an abelian group and let
Apply a nonprincipal character χ ∈ G to obtain
Some basic restrictions were derived from (2.1) in [21, Lemma 3.1] . We now extend that analysis.
It follows from (2.1) that for each j satisfying 1 ≤ j ≤ m,
3)
so that G may be partitioned (with respect to D) as the disjoint union {χ 0 } ∪ G 0 ∪ G N . We now show that the set G N is non-empty.
and use Proposition 2.1 to show that for each g ∈ G we have
By Lemma 1.5 we have v > km, giving the contradiction 0 < c g < 1.
For each χ ∈ G N , set α j,χ to be the real number
Then conjugate (2.1), multiply both sides by χ(D j ), and rearrange to give
Substitute for χ(D j ) from (2.4) into (2.1) to obtain a quadratic equation in α j,χ :
The solutions of this equation are
For each χ ∈ G N , let ℓ 
Combine with the counting condition ℓ
In particular, ℓ 
The expressions (2.7) illustrate a fundamental difference between the cases m = 2 and m > 2. When m = 2, these expressions reduce to ℓ We conclude this section with a result required in Section 3.
is also an algebraic integer, λ/k is an integer and therefore λ ≥ k. This contradicts Proposition 1.4 (6) .
Suppose, for a contradiction, that G \ D j is a subgroup of G. Then (v − k) | v, and since k > 1 we have k ≥ 3 Near-complete SEDFs One direction of the case m = 2, namely the construction of an SEDF from a PDS, was also proved in [11, Section 3] . Necessary and sufficient conditions for the existence of a PDS with the parameters specified in (1) and (2) of Theorem 3.1 are not known. However, sufficient conditions for the existence of a PDS with the parameters specified in (1) of Theorem 3.1 (known as a Paleytype PDS) are known to include: G is elementary abelian and v is a prime power congruent to 1 modulo 4 [24] ; G = Z 2 p r for an odd prime p [17] ; and G = Z p for an odd prime p [26] . Necessary conditions for the existence of a PDS in an abelian group G with the parameters specified in (2) of Theorem 3.1 are that G = Z 
and therefore
which rearranges to
To complete the proof, we require that if The parameters of the nontrivial regular PDSs specified in Lemma 3.2 take the form (v, k, µ− 1, µ). The following result characterizes all such parameters when the group is abelian. 
We can now give the structure of the proof of Theorem 3.1. 11, 22, 20) and each D j is a nontrivial regular (243, 22, 1, 2)-PDS in G for 1 ≤ j ≤ 11.
For case (1), the desired result follows from the observation that if D 1 is a regular (v, 
The group M 11 may be represented explicitly [1] as
The software package Magma gives the point-orbit of size 11 under the action of M 11 on PG(4, 3) as
and the corresponding nontrivial regular (243, 22, 1, 2)-PDS is 
giving the alternative representation
Now the cyclic group W is an order 11 subgroup of M 11 . The orbit of (1, 0, 0, 0, 0) under the action of W has size 1 or 11; since W does not fix the point (1, 0, 0, 0, 0) , this orbit is the whole of O 1 :
Recall that the group M 11 has exactly two point-orbits on PG(4, 3): one of size 11 (the set O 1 ), and the other of size 110. We will show that the action of the cyclic subgroup W of M 11 on the points of PG(4, 3) breaks the point-orbit of size 110 (under the action of M 11 ) into 10 point-orbits of size 11, each of which also corresponds to a nontrivial regular (243, 22, 1, 2)-PDS in the additive group of F 
Then for 1 ≤ j ≤ 11 we find from (3.5) that
because S ∈ C(W ), and therefore the subset O j is the size 11 orbit of the point (1, 0, 0, 0, 0)S
under the action of W . Furthermore, using W = S 11 we may write
so that
We claim that the subsets O 1 , O 2 , . . . , O 11 form a partition of the 121 points of PG (4, 3) . Suppose, for a contradiction, that there is an integer n satisfying 1 ≤ n ≤ 120 such that
Since S = C(W ) has order 121, the matrix S n has order 11 or 121. But S n cannnot have order 121, otherwise S would fix the point (1, 0, 0, 0, 0) and then from (3.8) we would have
. Therefore S n has order 11, so S n = S 11i for some i satisfying 1 ≤ i ≤ 10. But from (3.7) the 11 points { (1, 0, 0, 0, 0)S 11i | 0 ≤ i ≤ 10} comprise the orbit O 1 , and from (3.3) these 11 points are all distinct. This contradicts (3.9) and establishes the claim.
Finally, define subsets B 2 , B 3 , . . . , B 11 of the nonzero elements of F 5 3 by setting
The subsets B 1 , B 2 , . . . , B 11 partition the 242 nonzero elements of F 5 3 , and from (3.4) and (3.6) we have 1, 2, 2, 0), (0, 1, 2, 1, 1), (1, 2, 0, 0, 2), (2, 1, 2, 1, 0), (1, 0, 0, 2, 0), (2, 0, 1, 1, 1),  (0, 0, 2, 1, 0), (2, 2, 2, 1, 0), (1, 2, 1, 0, 2), (2, 0, 2, 2, 1 )}, (2, 1, 1, 0, 2), (0, 2, 1, 1, 1), (1, 2, 1, 0, 0), (1, 1, 2, 0, 1), (0, 2, 1, 1, 0), (2, 1, 1, 2, 0 
An exponent bound and its application
In this section, we present an exponent bound on a group G containing a (v, m, k, λ)-SEDF, and use it to prove nonexistence results for the case m = 2. Let G = H × L be an abelian group. Each element of G can be expressed uniquely as hℓ for h ∈ H and ℓ ∈ L, and the natural projection ρ from G to H is defined by ρ(hℓ) = h. Each χ ∈ H induces a lifting character χ ∈ G satisfying χ(g) = χ(ρ(g)) for every g ∈ G. From now on, we shall use G p to denote the Sylow p-subgroup of the group G, where p is a prime. For a positive integer n, we use ζ n to denote the primitive n-th complex root of unity e 2πi/n . A prime p is a primitive root modulo n if p is a generator of the multiplicative group of integers modulo n. A prime p is self-conjugate modulo n if there is an integer j for which p j ≡ −1 (mod n p ), where n p is the largest divisor of n that is not divisible by p. If a prime p is a primitive root modulo n, then p is self-conjugate modulo n. For X ∈ Z[ζ n ], we use (X) to denote the principal idea generated by X in Z[ζ n ]. We begin with a preparatory lemma.
Lemma 4.1. Let p and q be primes, let q be a primitive root modulo p e , and let q f || u for some positive integer f . Suppose that X,
Proof. Since XX ′ = u and q f || u, we have XX ′ ≡ 0 (mod q f ). Now q is a primitive root modulo p e , so (q) is a prime ideal in Z[ζ p e ] [16, Chapter 13, Theorem 2], which we denote by Q.
and so
Therefore either Q ⌈f /2⌉ | (X) or Q ⌈f /2⌉ | (X ′ ), and so either X ≡ 0 (mod q ⌈f /2⌉ ) or X ′ ≡ 0 (mod q ⌈f /2⌉ ). Now suppose X = X ′ , so that Q ⌈f /2⌉ | (X). Since q is a primitive root modulo p e , we have that q is self-conjugate modulo p e . This implies Q is invariant under complex conjugation [5, Chapter VI, Corollary 15.5], so that Q ⌈f /2⌉ | (X) and therefore Q 2⌈f /2⌉ | (X)(X). But q f || u, so Q f || (X)(X). Therefore f is even.
We now prove the following exponent bound. 
H be a cyclic p-subgroup of G of order p e occurring as a direct factor of G, and let ρ be the natural projection from G to H. Let χ be a generator of H, and let χ be the associated lifting character on G. Then
by (2.1). Now q is a primitive root modulo p d , so q is also a primitive root modulo p e [16, Chapter 4, Lemma 3]. Apply Lemma 4.1 with X = χ(ρ(D 1 )) and (1), (2) and the first part of (3) are each direct applications of Theorem 4.2, whereas the second part of (3) requires additional arguments; we give the proof for both parts of (3 
by (2.1), so by Lemma 4.1 we may choose D ′ to be one of
for each i, we distinguish two cases:
This gives ρ(D ′ ) = p 1 i∈I h i for some subset I of {0, 1, . . . , p − 1}, which implies that D ′ is a union of cosets of Z p1 . But then for a character χ ∈ G which is nonprincipal on Z p1 we have χ(D ′ ) = 0, contradicting (2.1)
Case 2:
Both of these contradict the given conditions on p, p 1 , p 2 . 
It is shown in [3, Lemma 3.3] and [21, Lemma 3.5] that (ℓ
2 )} for m > 2; this is an immediate consequence of (5.2). Rewrite the expressions (2.6) for α + χ and α − χ using (5.1), and then substitute into (2.8) to obtain
and then combine with (5.3) to give 
(1) Since ℓ .4) is also the rational number
Using Lemma 5.1, we recover the result of Proposition 1.4 (1) as Corollary 5.2, and obtain new restrictions for m ∈ {5, 6} as Corollary 5.3. (
Motivated by Corollary 5.3, we say that a nontrivial (v, m, k, λ)-SEDF with m > 2 for which (a χ , b χ ) takes a constant value (a, b) for all χ ∈ G N has the simple character value property with respect to (a, b). In the following subsection we obtain restrictions on SEDFs having this property. In particular, for m = 5 and for m = 6 we obtain asymptotic nonexistence results for a family of SEDFs, each of which must have this property with respect to a fixed (a, b) by Corollary 5.3. 6) and from the definition (2.3), G is the disjoint union {χ 0 } ∪ G 0 ∪ G + ∪ G − . By (2.2) and (5.4), we then obtain the character values in Table 5 .1.
The simple character value property
We now determine the size of the sets 
,
. From Proposition 2.1,
The left side c 1 = |D| = km is the coefficient of the identity in the expression DD (−1) , and the right side can be evaluated using Table 5 .1 to give
Substitute for λ from the counting relation (1.3) to obtain the required expression for | G 0 |.
and use Proposition 2.1 and Table 5 .1 to give
We now obtain the required expressions for | G + | and | G − | using (5.7) and the counting condition
We obtain the following asymptotic nonexistence result from Theorem 5.4. Proof. Apply the condition | G 0 | ≥ 0 to (5.7), and rearrange to give the inequality
.
Since m and λ are fixed, the counting relation (1.3) shows that v grows like k 2 as k increases. Therefore for all sufficiently large k, the inequality in v/k does not hold.
As a consequence of Corollary 5.3 and Theorem 5.5, we obtain the following asymptotic nonexistence result for m ∈ {5, 6}. We can obtain results similar to Corollary 5.6 for values of m greater than 6. For example, suppose there exists a nontrivial (v, 7, k, λ)-SEDF. From Lemma 5.1 we find that λ mod 12 ∈ {0, 4, 6, 8}, and that the SEDF has the simple character value property with respect to (1, 5) if λ mod 12 = 6 and with respect to (3, 5) if λ mod 12 ∈ {4, 8}. Therefore for fixed λ for which λ mod 12 = 0, for all sufficiently large k there does not exist a nontrivial (v, 7, k, λ)-SEDF. Likewise, for fixed λ for which λ mod 10 = 0, for all sufficiently large k there does not exist a nontrivial (v, 8, k, λ)-SEDF.
We derive further divisibility conditions on the SEDF parameters in Theorem 5.9 below. We first require two number-theoretic lemmas. Lemma 5.8. Let p be a prime and H be a p-group. Let E = h∈H c h h ∈ Z[H], where each c h ≥ 0 and h∈H c h = u. Suppose there is an integer ℓ and a character χ ∈ H for which |χ(E)| 2 = ℓ. Then u 2 + (p − 1)ℓ = pr for some integer r ≥ u.
Proof. Let p e = exp(H). Then 8) where
c h c j . Each d i is a non-negative integer, and
Subtract ℓ from both sides of (5.8), and deduce from Lemma 5.7 that
and
Substitute into (5.9) to obtain
so that u 2 + (p − 1)ℓ = pr where r is an integer satisfying 
or the following all hold:
Proof. Let ρ be the natural projection from G to G p , and let D = m i=1 D i . For each nonprincipal character χ ∈ G p and its associated lifting character χ ∈ G, Table 5 .1 gives 
and both values are integers by Lemma 5.1 (2). Apply Lemma 5.8 with (H, E) = (G p , ρ(D 1 )) and with (H, E) = (G p , ρ(D j )) to give (2b) and (2c).
By Proposition 1.4 (2), we know that a nontrivial (v, m, k, λ)-SEDF does not exist when v is prime and m > 2. We now prove a nonexistence result when v is a prime power and m > 2. 
Since 2 is self-conjugate modulo exp(G), by [5, Chapter VI, Lemma 13.2], we have
By taking a translate of D if necessary, we may assume that 1 (1, 2) . Since 2 is self-conjugate modulo 81 and modulo 6561, Theorem 5.10 then gives the contradiction that 2 is odd.
Further nonexistence results
In this subsection, we extend the analysis of Section 5.1 to the case of an SEDF for which the simple character value property does not necessarily hold. Suppose that
where a i , b i ∈ Z and b i > a i > 0 and gcd(a i , b i ) = 1. Define
Then from (2.2), (2.3) and (5.4) we have
The following result generalizes Theorem 5.9. The proof, which is omitted, uses (5.14) in a similar manner to the use of (5.10) in the proof of Theorem 5.9. 
or, for some i satisfying 1 ≤ i ≤ t, the following all hold: For each of these possible values of (a χ , b χ ), both (1a) and (2a) of Theorem 5.12 fail with p = 13, giving the required contradiction.
Example 5.14. Suppose, for a contradiction, that there exists a (2401, 37, 60, 54)-SEDF. By Lemma 5.1, (a χ , b χ ) ∈ {(1, 5), (5, 7)} for all χ ∈ G N .
We cannot have (a χ , b χ ) = (1, 5) for χ ∈ G N , otherwise both (1a) and (2a) of Theorem 5.12 fail with p = 7. Therefore (a χ , b χ ) = (5, 7) for all χ ∈ G N , and so the SEDF satisfies the simple character value property with respect to (5, 7). and 425 = 5 2 · 17. Theorem 4.2 does not give any constraint on the structure of G (even though it may be applied with (p, q) = (3, 5)). By Lemma 5.1, the SEDF satisfies the simple character value property with respect to (2, 3), and so from 
Concluding remarks
We have presented a comprehensive treatment of SEDFs, using character theory and algebraic number theory to derive many nonexistence results. We have characterized the parameters of a nontrivial near-complete SEDF, and constructed a (243, 11, 22, 20) -SEDF in Z 5 3 from a detailed analysis of the action of the Mathieu group M 11 on the points of the projective geometry P G (4, 3) . This is the first known nontrivial example of SEDF with m > 2.
As we were finalizing our paper, Wen, Yang and Feng posted a preprint [27] in which they independently constructed a (243, 11, 22, 20) -SEDF in Z 5 3 using cyclotomic classes over F 3 5 . Their method, which was also used to construct some generalizations of SEDFs [28] , is very different from ours.
In closing, we note that until now SEDFs have been considered only in abelian groups. We ask: are there examples of nontrivial SEDFs in nonabelian groups?
